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I. INTRODUCTION 
Let S denote a Hilbert space of elements x with the norm 11 x 11 = (x, x)l/2. 
Every operator B considered will be a linear transformation of S into itself 
with domain D(B) and range R(B). An operator B is said to be bounded if 
D(B) = S and Ij Bx /I s M // x // holds for all x in S and for some constant M, 
0 2 M < m. In case B is self-adjoint (but not necessarily bounded) B is 
said to be semidefinite if either B 1 0 or B 5 0. 
Let Hand A, denote a pair of self-adjoint operators on S. Define the family 
of self-adjoint operators A, by 
At = U&J:, --ao<t<m, (1) 
where {U,} is the group of unitary operators 
U, = eitH, - 02 < t < 03. (4 
In the terminology of quantum mechanics, if A, represents an observable at 
time t associated with a system with the Hamiltonian H, and if A, and H do 
not depend explicitly on t, then, in the Heisenberg representation (with 
Plan&s constant normalized to be 2rr), A, is related to A,, by (1); see Ludwig 
[l, p. II] and Kramers [2, p. 1601. 
If H has the spectral resolution 
H= 
s 
* h dqh), 
--oo 
then H will be called absolutely continuous if II E(h) x II2 is an absolutely 
continuous function of h for every x in S. In particular, in this case, the point 
spectrum of H must be empty. Absolute continuity of H means that the 
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integral Jz d 11 E(h) x /,z must be zero for every x in S and for every set Z 
of one-dimensional Lebesgue measure zero. 
The object of this note is to show how the absolute continuity of H is 
assured as a consequence of certain properties of a single observable A, given 
by (1) and (2). 
II. THEOREM 
Let A,, be a bounded self-adjoint operator and let the A, be dejined by (1) 
and (2). Suppose that there exists a sequence of real numbers t = t, , t, , *a* for 
which 
Atn - A,, is semi-de$nite and fi R(At,, - A,) is dense in S. (4) 
n=1 
Then H must be absolutely continuous. 
The assumption (4) means that for every E > 0 and for every x in S there 
exist real numbers tn and elements x, in S such that either A, - A, 2 0 
or 5 0 and 11 x - _CzCl (A, - A,,) x, 11 < E. According to the yheorem the 
existence of some such A,, is” sufficient to imply the absolute continuity of H. 
In order to prove the Theorem, let t be chosen so that A, - A, is semi- 
definite, say A, - A, 2 0. Then A, - A, = U,(A,U,*) - (A,U$) Ut 2 0. 
Since, by (3), 
m ut = eit* = 
s 
eith &2(h), 
-co 
the argument of [3] (cf. also [4, p. 1041) shows that 
O=(A,- A,) 1, dE(4 (= j-, d-WV (At - 4)) 9 
wheze 2 denotes an arbitrary set of measure zero. It now follows from (4) 
that Jz dE(h) = 0, as was to be shown. 
III. AN EXAMPLE 
Let A,, denote a self-adjoint operator (not necessarily bounded) and let 
At be defined by (1) and (2). In addition, suppose that dAJdt = I, or, more 
precisely, 
At=A,+tI, -m<t<m. (5) 
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Then, if A, has the spectral resolution 
it follows from (5) and the uniqueness of the spectral resolution that 
F,(h) = F,,(X - t). But relation (1) implies F,(X) = U$‘,(h) UT, so that 
F,(X - t) = U@‘,(X) U,* holds for every fixed h and for all t on (- 00, a). 
(For a specific quantum mechanical illustration of this situation, see [I, 
p. 1101.) 
If now B, = F,(h - t) is identified with A, of the Theorem, it is seen 
that B, is bounded, B, - B, is semidefinite, and that 
(B,-BB,-((BP,-BJ)x=(B,-B-,)x+x 
as t + - 00 for every fixed x in S. Clearly relation (4), in which A, is replaced 
by B,, holds with, say, the sequence t = f 1, f 2, a**. Consequently, the 
Theorem implies that the Hamiltonian H in this case must be absolutely 
continuous. 
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